
QUANTITATIVE APPROACH TO Hi;CKEL RULE 

'WE REI.ATIONS BF.‘I‘WEEN THE CYCLES OF A MOI.ECUI.AR 
(;RAPH ASD THE THERMODYNA!dlC STABILITY 

OF A (‘OKJCGATED M0I.ECUI.E 

.Abstrti-(‘ontrdwtion of ~hc rungs IO the IOI~I n&clron energy ICEl I\ calculalcd for a number of pol~c~chc 
con)ugated h!droc.Aon\. The Hlickcl Jm - 2 rule I\ reded quan!ihbely m thl\ aa! II I\ \houn that 1Jmb 

mcmlwred rmp aiua!\ dc~~M~rc. uhde r4m t !~~mcmtwcd rrnp almotl alua!\ \!ahlhte the molcade Ihe 
mapnrludc of thr\ cffccl I\. houcver. W~JNI IO corwdcrablc \arwons. The mam facfors u-hrch dclcrmmc lhe 
mqnirudc of (‘t arc discuwd E\amplc\ of [he alternanl hydrocarbon\ arc found for u-hrch the (Jm t !b 
mcmhcrcJ q~lc\ hse .t dc\labilicinp cffecf. and Ihercfore \iolalc the lttickcl rule. The odd mcmtwrcJ c)clc\ arc 
\houn IO hate .I ncgl~p~bl~ \m.tll CITCCI on the \tab~ht)- of the con)ugatcd molecule\ 

II VI;I\ recognized’ long ago that rmgs which arc presenr 
in ;I n-electron nclwork. cause slabiliAon iaromalici1y) 
or dc\Iahilir;&on IanIi;~romaIiciIy) of Ihe corresponding 
conppdcd compound. In the monocyclic \) stern\ Ian- 
nulenc\) this effect can be dcmon\tr;M tq comparing 
the IOI;I~ B clcctron energy of ;I parIicul;lr annulcnc w11h 
that of its open-chain analogue-Ihe Imear pollene.’ ’ 
Thi\ open-chain ;m;dogue is determined unequivocally 
hecause of the high \ymmcIry of Ihc annulenc topology. 

The main conclusion\ of the Rcfs. 2-5 iire 

(al (4, + 2)-membered cycle\ \lahilizc and 
(bt IJmt-membered cycle\ de\Iabilize Ihc car- 

responding annutene molecule. 
The propertie\ (a) and (ht are u~ally c;dled the Hiickcl 

rule. II wax conjeclured wme time ago’ IhaI they hold 
for an arbitrar) conprpatcd molecule The conjecture 
H;IS Ia1er \upporIed hy graph-Iheorcrical arpumcnr\.’ 

Further propcrIic4 of 1he annulene\. which were cx- 
pec1ed 10 hold also in 1hc polycyclic c;w are the follow- 
ing. 

(cl Both the \tabilirarion and the dcstahihza:ion effect\ 
dccrca\c and vanish tvith increaing m. 

(do odd-membered qclc\ hat ;I neplipihly \mdl eff- 
Ccl on lolal 7r-eleclron energy. 

In Ihe ca\c of the polycychc moleculc~. the choice of 
an “open-cham ;malopue” is by no mean\ unique and Ihc 
approach of the Rcf~ 2-C cannor be Gmply exrended. 
Recent graph-rheorelical ;Inaly&’ I0 resulted in ;1 deeper 
in\lgh1 m1o rhe WI) the qcles inflcncc total n-electron 
cncrpy and Ihu\ the 1hermod)namic s1ahiliIy of the 
conjugated compounds. Finally. Ihe Hiickcl rule WI\ 

proted” for an arhitrar) at1ernanI h!drocarhon rrntlvr 
c4ti0111 asrumtplirm (~32 Appendix). 

The Hilckel rule i\ yucrli~orit~c h) II\ nature. namely i1 
prcdicl\ only whe1her Ihe cffcc~ caused by ;I cycle i\ 
~~;~hdi~;~l~on or dc\rahililarion. hut \a) 5 nothing ;IIMMJI 1he 
mapniludc of thi\ effcc~ Thcrdorc. quonrifurice XIudics on 
the Htickel rule ucrc ;I natural contnwawn of rhc thcor) 
clahora1rd in Ihe Ref. 9. In 1ht prcwnt work UC would like 
10 report the re41s of \uch ;I quan1lIa1l\e approach IO 1he 
Huckel rule 

‘I’heore1lc;rl hackground of 1he pre\cnI ;Inaly& i\ given 

in more &tails elsewhere.“” For our purpo\cs onl) the 
following few graph-IhcoreIical norion\ are required.” A 
conjugated molecule is presented by ;I molecular graph G 
with n vertices. The ch;rraclerisIic polynomial” ” of G is 
I’((;. x). I.eI C be ;L cycle contained in the graph (i. the 
s1le of which is y. Then G_(’ i\ the graph otauned b) 
deletion of the venice\ of C from (i. Of courvz. 6-C has 
n-y vertices. 

Assuming Ihc usual relations” be1xeen the graph 
theory and the HMO model, it can be shown’ that the 
H!JO IOI;~I n-electron energy (in /.3 uniI\) is exprc\\ed a\ 

where i = \ ( -’ I). According IO Ihe Sach\ Iheorem,” the 
charac1erisIic polynomial of a graph G can be calcula~cd 
from a WI S(G) of its certain &graphs. which arc 
usually called” the Sachs graphs (of Cit. Since we will 
no1 be intcrc\Icd in the actual form of Ihi\ calculation. it 
will suffice IO write the Sachs theorem as 

.s(G)-+P(c;. .X) 12) 

were f is a complicaled. bu1 idpebriiic;illy completely 
dcfincd mapping. 

The Sachs graph\ con\isI of cycle\.” .’ Thi\ fact gives 
iI a convcnicn1 and consistent procedure IO rake m1o 
accounl lhe cffccl of a parlicular cycle C. 1.~1 .S(GK’) he 
the \CI of those Sachs graphs from s(G) which do no1 
conlain Ihc cycle C ;I\ a componenr. Then hy analogy IO 
cqns (I) and (21 we define a pal) nomial PiW’. x) and 3 
number E(WC) as 

E(WC) = ! I -- dx 
. ;: lop IPGK’, l/IX). (3) 

n 

Nore IhaI P(G/C. x) is no1 the characteristic polynomial 
of any graph (although it is a polynomial of degree n wl1h 
inleger coefficien1s). The quanrlty E(G/C) have ohviousl) 
Ihe same alpchraic s1rucIure ;I\ El(;). Heause of Ihe 
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definition of the set s(G/Cl, the difference 

CE = E(G) - UGK) (4) 

can he interpreted as fhof ~nniti!~&on fo tofaf n-elertmn 
energ!. which comes jrom the presence of the cycle C 

in the molecuiur graph 6. We propose the name “cycle 

energ)” for this quantity. 

The described formalism was developed to prove the 
Hiickel rule’ (see Appendix). In order to enable evalu- 

ation of CE’s. the formulas (11, (3) and (4) arc to be 
transformed into a more convenient form” 

P(G. ix) 

I$G, ix) + 2P(G-C, ix) I 
dx. iSI 

Proof of the eqn (5) and further computations details 
are given in Ref. IO. 

We give Table 1 the CE values of a representative set 
of polycyclic conjugated hydrocarbons. shown in Chart 
I. 

‘The rmgc m’I’ahlc I are labelled in the followmg manner. 

If the ring\ a and b arc mdicatcd in Chart I, a + b denotes 
the ring which is generated from those cdgcs of a and b 
which do not helong simultaneously IO both a and a. 
fkrthcr. a + h + c means (at b) + c. etc. 

~~a~fi~~fi~e Hiickd de. The most striking property 
of the ring energies in Table I is that they are always 
positive for (4m t t)-membered rings and negative for 

the rings of the siLe 4m. This confirms the validity of the 

(qualitative) Hiickel rule. at least in the great majority of 
cases. 

Since the HMO energies arc reliable up IO ap- 
proximately 0.1s. one can accept this value for a con- 

ventlonal differentiation between the chemically sig 
nificant (greater than O.](i) and chemically negligible 

(smaller than 0.01s) ring effects. From Table 1 is de- 

duced that the CE values are not determined solely by 
the size of the rings. but are rather sensitive to the 

variou\ details of the molecular structure. Therefore we 

conclude that the Hiickel rule is in some ewes cery 

;~~po~uni. hi in the others has nt) .~i~ni~~unce for 

organic- rkemisfry ‘The actual effect of a ring depends on a 
delicate balance of different topological factors. Our 

numerical experience can hc summarized as follows. 
Rule I. <‘E’s in general dccrcacc with the increasing 

size of the ring. although there exists a large number of 
exceptions. While the effects of 6 and 6-membered rings 

are almost always significant, 14-. 16-. etc. rings have a 

negligibly small effect in all the studied cases. 
This regularity can be easily noticed when the CE’r of 

the rings of a particular conjugated system arc com- 
pared. 

Rule 2. In systems with similar structure, the CE’s 

decrease with the increasing SIX of a molecule. 
Rufe 3. The larger the stability of a cc~nju~lcd com- 

pound (i.e. the larger E(G)), the smaller are the ring 

encrgic\. 
Thi\ i\ demonstrated by comparing the isomers of 

cimllar structure (e.g. the IWO diphenzopentalenec 27 and 
!H. the tir\t being much less stable than the second 
one”). 

Rule 4. In similar molecules, those rings which are 
conjugated” have much larger values of CE than the 
non-conjugated ones. 

Table I. Kmp cncrgsts KE’t) in fi units of conjugated systems 
which arc presented in Chti 1 
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Quantitative approach IO Hiickel rule 

I’ahk I. (Con(d) 
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For example, the smallest observed CR values (for a 
given size of a ring) are those in the radialenes. As 

anoIher example, one can compare the CR’s of the 

6mcmbered rings in the IWO benzfulvenes 19 and 20 (the 
ring a is resonant in 19 hut no1 in 20). 

Randif’” found IhaI the SCF MO resonance energies 

of conjugated hydrocarbons can be calculated with an 
unexpected accuracy from a simple additive scheme 

RE = c n,R, 

In formula (6) Ihe R,‘s are empirical parameters and the 
n’s arc the number of times the j-membered rings are 
resonant in the KekulC sitructures of a molecule. R, can 
be interprercd as an average value of CR‘s for the rings 
of a sile j. 

A derailed analysis gives IhaI Ihc ncccssary condition 
for a negative ring energy of a (4m - 2)-membered ring is 

a. = 0 and h. , # 0. On the other hand, the relation a. = 0 
implies the cxicrence of non-bonding molecular orhitals 
in the corresponding molecule.” Since such conjugaled 
systems arc known IO be extremely unstable and/or 
reacliveSm we conclude IhaI the violarions of the Hilckel 
rule may occur in the case of Ihc Icast stable Iusually 
nonexislanl) allernant species. 

Formula (6) is in agreement with our finding that the 
contributions of the resonant rings IO the Iota1 n-electron 

The simplesr case of such conjugated sysIcm is Ihe 
molecule 32. in which the central 6-membered ring cx- 

energy (and thus also IO the reconancc energy) are Ihc 
most important ones. However, since the CE’s are found 

hibits a desIabilizing cffcct of 0.13/X Since all Ihc oIhcr 
rings in 32 arc of the size 4m. it is easily undersrood IhaI 
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Charr I. 

IO be far from constant. our theory gives no cxplanaIion 

for the SUCCESS of eqn (6). 
In connection with Kule 4 are the relalions which exist 

between the Clar formulas“-“ and the CE’s of benzenoid 
hydrocarbons. 

Rule 5. The larger the benzoid Ior local aromatic”) 
characler of a 6-membered ring. Ihe larger is the CR. 

As an example one can compare Ihc CE values of rhe 

rings a and b in triphcnylcne 30. Consequenrly. the rings 
which arc “empty” in all Clar formulas (e.g. the ring c in 
perilenc. 31) have unusually small values of CR. There- 

fore. we see IhaI the use of Clar formulas can be justified 
also from an energetic point of view: the circles in Clar’s 

notation can be understood as indicating Ihosc six-mem- 
bered rings which have the IargcsI contributions IO Ihe 

lolal n-electron energy. 
Violations of he Hlickel rule. II is shown in the 

Appendix that the Huckel rule is valid for all (4m)- 

membered rings of alIernanI hydrocarbons. ‘The Huckel 
rule holds for a (4m t 2)membercd ring if certain ad- 
ditional conditions are fulfilled. In the general case. al- 

ternant molecules can be designed which violale the 
Huckel rule. namely which have CE < 0 for a (4m + 2)- 

membered ring. 
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this compound should be thcrmodynamicdly very un- 
~~ahlc. It i\ intevdng IO note rh;tt ;I pol~cubsti~utcd 
dcri\ati\c 33 of the molecule 32 was recently obt;Gd 
hg classical synthetic methods” and wa\ found lo be 

fairly stable. II would be. therefore. verb interesting lo 

try IO prepare further derikativcs of 32 wlhout c~ericallg 
and electronically prolccling wh5liluents. 

(‘E’s of odd-membered rings. Our calculations com- 
pletely confirm the prcviou\ expectation that the odd- 
rings have rather small influence on the \rability of ;1 
conjugalcd molecule. The only known cii\C where an 
odd-ring has a CE greater than 0.1s k the Smembercd 
ring in pentalene IS. This exception i\ explained Gmpl) 
;1\ ;b combined effcc~ of the small ske (Rule 2) and lov. 
slabilily”‘ (Kule 3) of penlalcnc. 

Rules can be formulaId which determine whether an 
odd qcle causes \tabilizalion or de~~ahiliza~ion. but 
these are not simple.” Since the effect\ are very small. 
rhc\c rules are not expected IO he of any use in practice. 
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APPfBDlX 

Formula (5) enable\ Ihe c\aluawon of CE from Ihe knoulcdpc 
of the \pcctra (or. u hich IS rhc wmc. of ~hc characlerl\llc 
polynomials) of graph\ G and G-(‘. If G I\ ~hc molecular graph of 
an alternant hydrocarbon. I’((;. xl can bc urillcn a\ 

I A I ) 

l’hen a.., * 0 for all ). H) analogy. D(LC’. xl UIII bc dcnowd h) 

IA?) 

u-here y is ~hc \ire of the ring (‘. Conscqucmly. h.., SO H! 
\uh\tilulmg (Al) and (.A!) back inlo (5). one obtain< 

1.43) 

u here 

If (’ i\ a (4m)~mcmhercd ring. then c:, ma:, 2 0 ;tnd from the cqn 
t ~3) it follow that 

x’ * a:x - :*...a*. 

x’.c,x’ ‘. -.<_ Cl 

for all baluc\ of x. ‘IIwcforc. 

CE<O (.A41 

for all (bmbmembcrcd rmps. 
A \Imdar argument show Ihal if C i\ a (4m - !)-mcmhcrcd 

rmp. c,, G .I:, for all I. Arwmmg further Ihal c>,‘\ :irc non. 
negative quartMe\. II follows from (A3) thal 

(‘IT >o (A’) 

fur all rtnp of the six 4m * 2. ‘The xtarcmcnr\ (44) and 1.U) are 

equi\aknl IO IRK Hirckel rule 

4lthough.lhe mcqualities c:, l 0. I.C 

hold in rhc ovcnvhclmmg majorlly of case\. thcrc cxisl CX- 
ccplion,. If wmc of lhc s:,‘s .uc ncgAvc. the crprcwon 

can ha\c both ~~SIIIVC and ncgab\c \-;rlucx and in rhc general 
cave the sign of the integral (A3) cannel hc predlclcd In par. 
IICU~. it can happen that for ccrbin (Jm - !brings the car. 
responding rmg energy ha\ a ncgatlve value. w htch 15 J \ tolallon 
of Ihc Htickcl NlC 


