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Abstract—Contribution of the rings to the total m-clectron encrgy (CE) is calculated for a number of polycyelic
conjugated hvdrocarbons. The Huckel 4m -+ 2 rule is tested quantitatively in this way. It is shown that (4m)-
membered nings aiwavs destabilize. while (4m + 21-membered rings almost always stalize the molecule The
magnitude of this effect is. however, subject to considerable variations. The main factors which determine the
magnitude of CE are discussed. Examples of the alternant hydrocarbons are found for which the (4m+ 2)-
membered cycles have a destabilizing effect, and therefore violate the Huckel rule. The odd membered cycles are
shown to have a negligibly small ¢ffect on the stability of the conjugated molecules.

It was recognized' long ago that rings which are present
in a m-clectron network, cause stabilization (aromaticity)
or destabilization (antiaromaticity) of the corresponding
conjugated compound. In the monocyclic systems (an-
nulenes) this effect can be demonstrated by comparing
the total 7 electron energy of a particular annulene with
that of its open-chain analogue—the lincar polyene.” '
This open-chain analogue is determined unequivocally
because of the high symmetry of the annulene topology.
The main conclusions of the Refs. 2-S are

(a) (4m +2)-membered cycles stabilize and

(b) (dm)-membered  cycles  destabilize  the
responding annulene molecule.

The properties (a) and (b) are usually called the Hickel
rule. It was conjectured some time ago” that they hold
for an arbitrary conjugated molecule. The conjecture
was later supported by graph-theoretical arguments.”

Further propertics of the annulenes, which were ex-
pected to hold also in the polveyclic case are the follow-
ing.

(¢) Both the stabilization and the destabilization effects
decrease and vanish with increasing m.

(d) Odd-membered cycles have a negligibly small eff-
ect on total w-electron cnergy.

In the case of the polycyche molecules, the choice of
an “open-chain analogue™ is by no means unique and the
approach of the Refs. 2-5 cannot be simply extended.
Recent graph-theoretical analysis™ ' resulted in a deeper
insight into the way the cycles inflence total w-electron
energy and thus™ the thermodynamic stability of the
conjugated compounds. Finally, the Huckel rule was
proved” for an arbitrary alternant hvdrocarbon under
certain assumptions (s¢e Appendix).

The Hiickel rule is qualitative by its nature, namely it
predicts only whether the effect caused by a cycle is
stabihzation or destabilization, but says nothing about the
magnitude of this effect. Therefore, quantitative studies on
the Huckel rule were a natural continuation of the theory
claborated in the Ref. 9. [n the present work we would like
to report the results of such a quantitative approach to the
Hickel rule.

Cor-

THEORY AND RESULTS
Theoretical hackground of the present analysis is given

in more details elsewhere.”"™ For our purposes only the
following few graph-theoretical notions are required.” A
conjugated molecule is presented by a molecular graph G
with n vertices. The characteristic polynomial™*' of G is
P(G. x). Let C be a cycle contained in the graph G. the
size of which is y. Then G-C is the graph obtained by
deletion of the vertices of C from G. Of course. G-C has
n—y vertices.

Assuming the usual relations” between the graph
theory and the HMO model, it can be shown® that the
HMO total m-clectron energy (in 8 units) is expressed as

E(G) - lj i?l()g"’((i. 1ix)| (h
). X

where i = \/(-- 1). According to the Sachs theorem." the
characteristic polynomial of a graph G can be calculated
from a set $(G) of its certain subgraphs, which are
usually called” the Sachs graphs (of G). Since we will
not be interested in the actual form of this calculation, it
will suffice to write the Sachs theorem as

1
S(Gy—P(G. x) )

were f is a complicated, but algebraically completely
defined mapping.

The Sachs graphs consist of cycles.'"" This fact gives
it a convenient and consistent procedure to take into
account the effect of a particular cvcle C. Let S(G/C) be
the set of those Sachs graphs from $(G) which do not
contain the cycle C as a component. Then by analogy to
eqns (1) and (2) we define a polynomial P(G/C. x) and a
number E(G/C) as

S(GIC)—s P(GIC. x)
1 [k .
EGIO) =+ [ SHog P(GIC 1ix). 3)

Note that P(G/C. x) is not the characteristic polynomial
of any graph (although it is a polynomial of degree n with
integer coefficients). The quantity E(G/C) have obviously
the same algebraic structure as E(G). Because of the
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definition of the set $(G/C), the difference
CE = E(G) - XGIC) 4)

can be interpreted as that contribution to total w-electron
energy, which comes from the presence of the cycle C
in the molecular graph ;. We propose the name “‘cycle
energy” for this quantity,

The descnibed formalism was developed to prove the
Hiickel rule® (see Appendix). In order to enable evalu-
ation of CE’s, the formulas (1), (3) and (4) are 10 be
transformed into a more convenient form'

G [
(L—“J' log

-

P(G. ix)

- ——— 4
PG.im+2PGCin I &

Proof of the eqn (5) and further computational details
are given in Ref. 10.

We give Table 1 the CE values of a representative set
of polycyclic conjugated hydrocarbons, shown in Chart
l.

The rings in Table | are labelled in the following manner.
If the rings a and b are indicated in Chart 1, a + b denotes
the ring which is generated from those edges of a and b
which do not belong simultaneously to both a and a.
Further. a + b+ ¢ means ta+b)+c, etc.

DISCUSSION

Quantitative Hiickel rule. The most striking property
of the ring energies in Table 1 is that they are always
positive for (4m + 2)-membered rings and negative for
the rings of the size 4m. This confirms the validity of the
{qualitative) Hiickel rule. at least in the great majority of
cases.

Since the HMOQO energies are reliable up to ap-
proximately 0.18, one can accept this value for a con-
ventional differentiation between the chemically sig-
nificant (greater than 0.18) and chemically negligible
(smaller than 0.018) ring effects. From Table 1 is de-
duced that the CE values are not determined solely by
the size of the rings, but are rather sensitive to the
various details of the molecular structure. Therefore we
conclude that the Hiickel rule is in some cases very
important. but in the others has no significance for
organic chemistry. The actual effect of a ning dependsona
deticate balance of different topological factors. Our
numerical experience can be summarized as follows.

Rute 1. CE's in general decrease with the increasing
size of the ring. although there exists a large number of
exceptions. While the effects of 4- and 6-membered rings
are almost always significant, 14-, 16-, etc. rings have a
negligibly small effect in all the studied cases.

This regularity can be easily noticed when the CE’s of
the rings of a particular conjugated system arec com-
pared.

Rule 2. In systems with similar structure, the CE's
decrease with the increasing size of a molecule.

Rule 3. The larger the stability of a conjugated com-
pound (i.c. the larger E(()). the smaller are the ring
encrgics.

This is demonstrated by comparing the isomers of
similar structure (e.g. the two diphenzopentalenes 27 and
28. the first being much less stable than the second
one™).

Rule 4. In similar molecules, those rings which are
conjugated"* have much larger values of CE than the
non-conjugated ones.

I Gurdan and S Bosasac

Table 1. Ring encrgies (CE's) in 8 units of conjugated systems
which are presented in Chart |

¥No cycle size cycle energy
1 a 4 -1,2257
2 a 4 -0.1628
3 a 4 -0.2482
4 a 4 -0.0718
5 a 5 w2
& a [ w.2726
7 8 3 +0.1554
8 a [ +u.0612
] a [ +0.0858
) a 6 *0 4 w99
11 a 7 «weu9l
-2 a 8 -us 5948
13 a 4 - 4955
asd 6 *.5152
14 a 6 w.4252
b 4 -0,4287
&a+b 8 ~J.2641
15 a 5 e 1480
asd 8 -v.2756
16 a 6 #0.17211
a+d ic 6 oVTIY
17 a ki -Ueclu9
b 5 -deuui?
aet i) s, 2407
i8 a 8 -J.25u6
b 4 - o432
asd 1. a0, 3202
19 a 6 +0.2153
b 3 +J. 0062
asb 9 *U. 39
20 a [ so.UBL1
v b *J.ulb2
asd 9 *.Ull6
21 a 7 *0.0987
asd 12 -J.1816
22 a 3 20,4596
b 4 - 1597
aed 8 -veub78
asbec 12 ~J. 48U
23 n 5 PRI NN
< 5 +J.0104
8eb 1. *0. 0567
E ¥ 204 9 OGko“)
as+bsc 11 - eWJ? B
24 2 ] rueuB62
aed lo sJaL 01
ReDec 1?2 -uaulls
2% [ G il
> 6 e 657



Quantitative approach to Hickel rule

Table 1. (Contd)

No cycie eize cycle energy
asd 1. o069
asdec 14 +0.9279
6 a € +w.1586
ol € +0.0534
ned 1o +o. 0275
AedeC 14 +0.0148
27 e 3 se.2534
B b 400252
el P eoevad3
Lel & -v.u 32
nebe 1. —sewlul
netened 1o -J.u 48
2% a 5 +e o966
) 5 +0.u585
ned g e 418
DeC 8 -v. 0656
nedDeC 12 -c.v949
aebeC el 16 SN L
9 a [ +0.0528
o) [ *0enuE3
el v sUeL U8B
aeC 1. +oewudd
aedec po -Jd.Lull
aebed 14 +0.0128
asbeced py .v.0128
1. a 6 +U. 1909
] S e’ 42
ned 1. SN DAV Y
asdec 14 *Ueuo 68
asbeced 18 0o 053
31 a [ 01093
¢ 6 *D.0216
ash 1. +0.U586
aeb el 12 -U.. 18
ged+Cedee 18 FSVRVENS ]

For example, the smallest observed CE values (for a
given size of a ring) are those in the radialenes. As
another example, one can compare the CE's of the
6-membered rings in the two benzfulvenes 19 and 20 (the
ring a is resonant in 19 but not in 20).

Randi¢" found that the SCF MO resonance energies
of conjugated hydrocarbons can be calculated with an
unexpected accuracy from a simple additive scheme

RE=Y nR, (6)

In formula (6) the R,’s are empirical parameters and the
n’s are the number of times the j-membered rings are
resonant in the Kekulé structures of a molecule. R, can
be interpreted as an average value of CE's for the rings
of a size ).

Formula (6) is in agreement with our finding that the
contributions of the resonant rings to the total w-electron
encrgy (and thus also to the resonance energy) are the
most important ones. However, since the CE's are found
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Chart 1.

to be far from constant, our theory gives no explanation
for the success of eqn (6).

In connection with Rule 4 are the relations which exist
between the Clar formulas'™** and the CE's of benzenoid
hydrocarbons.

Rule 5. The larger the benzoid (or local aromatic'™)
character of a 6-membered ring, the larger is the CE.

As an example one can compare the CE values of the
rings a and b in triphenylene 30. Consequently, the rings
which are “empty" in all Clar formulas (¢.g. the ring ¢ in
perilenc, 31) have unusually small values of CE. There-
fore, we see that the use of Clar formulas can be justified
also from an energetic point of view: the circles in Clar's
notation can be understood as indicating those six-mem-
bered rings which have the largest contributions to the
total w-electron energy.

Violations of the Hiickel rule. 1t is shown in the
Appendix that the Hickel rule is valid for all (4m)-
membered rings of alternant hydrocarbons. The Hickel
rule holds for a (4m + 2)-membered ring if certain ad-
ditional conditions are fulfilled. In the general case, al-
ternant molecules can be designed which violate the
Hiickel rule, namely which have CE <0 for a (4m + 2)-
membered ring.

A detailed analysis gives that the necessary condition
for a negative ring energy of a (4m ~ 2)-membered ring is
a,=0and b, ,#0. On the other hand, the relation a, = 0
implies the existence of non-bonding molecular orbitals
in the corresponding molecule."” Since such conjugated
systems are known to be extremely unstable and/or
reactive,” we conclude that the violations of the Hiickel
rule may occur in the case of the least stable (usually
nonexistant) alternant species.

The simplest case of such conjugated system is the
molecule 32, in which the central 6-membered ring ex-
hibits a destabilizing eflect of 0.138. Since all the other
rings in 32 arc of the size 4m., it is easily understood that
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asbec -01797 R;
2 n

RysCgHg, RyciCHy),C

this compound should be thermodynamically very un-
stable. It is interesting to note that a polysubstituted
derivative 33 of the molecule 32 was recently obtained
by classical synthetic methods™ and was found to be
fairly stable. It would be, therefore, very interesting to
try to prepare further derivatives of 32 without sterically
and electronically protecting substituents.

CE's of odd-membered rings. Our calculations com-
pletely confirm the previous expectation that the odd-
rings have rather small influence on the stability of a
conjugated molecule. The only known case where an
odd-ring has a CE greater than 0.18 is the S-membered
ring in pentalene 15. This exception is explained simply
as a combined effect of the small size (Rule 2) and low
stability™ (Rule 3) of pentalene.

Rules can be formulated which determine whether an
odd cycle causes stabilization or destabilization, but
these are not simple.” Since the effects are very small,
these rules are not expected to be of any use in practice.
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APPENDIX

Formula (%) enables the evaluation of CE from the knowledge
of the spectra (or. which is the same, of the charactenstic
polynomials) of graphs G and G-C. If G 1s the molecular graph of
an alternant hydrocarbon, P(G. x) can be written as

P1G. x)= 2 (=1Y a,x” ™.

=0

tA)
Then a;, > 0 for all j. By analogy. P(G-C. x) will be denoted by

PG, x) - 2 -(‘”'h;,f v n

-0

(A2)

where y is the size of the ning C. Consequently. b, = 0. By
substituting (A1) and (A2) back into (5), onc obtains

CF,=—1 j log
k-4 -

X ax” Traxt theeq,
e = dx
Koo Cx” Trext e g,

(A

where

_ [a,, for 2j<vy

“ay - 20 17y, for 2y

If C is a (4m)-membered ring, then ¢y, & a,, & 0 und from the eqn
(A3) it follows that

X et Teag
e L <!
xTeex” e e,

for all values of x. Therefore,

CE<0 (Ad)
for all (4m)-membered rings.

A similar argument shows that if C is a (4m ~ 2)-membered
ring, ¢, <a,, for all ). Assuming further that ¢,,'s are non-
negative quantities, it follows from (A3) that

CE>0 (AS)
for all rings of the size 4m « 2. The statements (Ad) and (AS) are
equivalent to the Huckel rule.

Although-the incqualities ¢;, * 0. 1.c.

a,,»2b,, ,

hold tn the overwhelming majority of cases, there exist ex-
ceptions. If some of the ¢;,’s are negative, the expression

XCrax” e e,

lo —
RX' T

-4,

can have both positive and negative values and in the general
case the sign of the integral (A3) cannot be predicted. In par-
ticular, it can happen that for certain (dm = 2)}rings the cor-
responding ring energy has a negative value. which is a violation
of the Hiuckel rule.



